An algebraic representation of Steiner triple systems of order 13 by Pavone, Marco































Contents lists available at ScienceDirect
Examples and Counterexamples
journal homepage: www.elsevier.com/locate/exco
An algebraic representation of Steiner triple systems of order 13✩
Marco Pavone
Dipartimento di Ingegneria, Università degli Studi di Palermo, Palermo 90128, Italy









A B S T R A C T
In this paper we construct an incidence structure isomorphic to a Steiner triple system of order 13 by defining
a set  of twentysix vectors in the 13-dimensional vector space 𝑉 = GF(5)13, with the property that there exist
precisely thirteen 6-subsets of  whose elements sum up to zero in 𝑉 , which can also be characterized as the
intersections of  with thirteen linear hyperplanes of 𝑉 .A Steiner triple system of order 𝑣 (STS(𝑣), for short) is a 2−(𝑣, 3, 1)
lock design  = ( ,), that is, a finite set  with 𝑣 elements, called
oints, together with a collection  of subsets of  with three elements,
alled blocks or triples, such that any two distinct points in  belong
o precisely one triple in  [1–3]. An STS(𝑣) is also called an S(2, 3, 𝑣)
teiner system, or a TS(𝑣, 1) triple system. A less used and more obsolete
erminology is Steiner triad system.
Moving from a purely combinatorial viewpoint to a geometrical
nd maybe more inspiring perspective, a Steiner triple system can be
hought of as a geometry of points and lines, where each line contains
hree points and there exists a unique line through any two distinct
oints.
Steiner triple systems are one of the earliest and most studied classes
f combinatorial structures. It is easy to see that 𝑣 ≡ 1 or 3 (mod 6) for
ny STS(𝑣). Conversely, if 𝑣 ≥ 3 and 𝑣 ≡ 1 or 3 (mod 6), then there
xists at least one Steiner triple system of order 𝑣 [4].
A Steiner triple system is called geometric if it is isomorphic to the
oint-line design of either a projective geometry PG(𝑑, 2) over GF(2),
r an affine geometry AG(𝑑, 3) over GF(3), for some 𝑑 ≥ 1 (an actual
isual representation of PG(3, 2) is given in [5]). In the former case,
he points of the system can be identified with the nonzero vectors of
he vector space GF(2)𝑑+1, and the blocks are the projective lines (that is,
he punctured two-dimensional subspaces). In the latter case, the point-
et can be identified with the vector space GF(3)𝑑 , and the blocks are
he affine lines (that is, the cosets of the one-dimensional subspaces). In
ither case, each block has exactly three elements, whose sum in (the
dditive group of) the underlying vector space is equal to zero.
This leads to the following definition, which attempts to extend the
otion of geometric STS to a more general and purely algebraic setting.
e say that an STS is additive if it can be embedded in a commutative
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group in such a way that the sum of the points in any block is zero [6,
Definition 2.1 and Proposition 2.7]. More precisely, a Steiner triple
system  = ( ,) is additive if there exist a commutative group (𝐺,+)
and an injective map 𝜓 ∶  ⟶ 𝐺 such that
𝜓(𝑋) + 𝜓(𝑌 ) + 𝜓(𝑍) = 0
for any block {𝑋, 𝑌 ,𝑍} ∈ .
The definition of additivity can be extended, more generally, to all
block designs [6]. In [6] and [7] it is shown that all symmetric and
affine resolvable 2-designs are additive. Some geometric designs, such
as the point-flat designs of an affine geometry AG(𝑑, 𝑞) over the Galois
field GF(𝑞), as well as of a projective geometry PG(𝑑, 2) over GF(2), are
basic examples of additive 2-designs.
More generally, the so-called 2-(𝑣, 𝑘, 𝜆) designs over GF(2), when
seen as 2-(2𝑣 − 1, 2𝑘 − 1, 𝜆) designs, whose points are the non-zero
vectors of GF(2)𝑣 and whose blocks are the sets of non-zero vectors of
suitable 𝑘-dimensional subspaces, form a remarkable class of additive
2-designs [8–11], which are, in turn, subdesigns of one of the classes
of additive 2-designs considered in [12]. A similar class of additive 2-
(𝑝𝑛, 𝑚𝑝, 𝜆) designs is described in [13], where the full automorphism
group is found, on the basis of the results given in [14].
Note that the search for additive 2-(𝑣, 3, 𝜆) designs must be necessar-
ily restricted to the class of Steiner triple systems (i.e., 𝜆 = 1). Indeed,
the third point of a block through two points 𝑃 and 𝑄 in a group (𝐺,+)
is necessarily −(𝑃 +𝑄), hence 𝜆 = 1.
Examples of additive STSs can be constructed in a ‘‘natural’’ way
as follows. Given a finite commutative group (𝐺,+), take  = 𝐺, and
take  to be the family of all (unordered) triples {𝑋, 𝑌 ,𝑍} of (distinct)
elements of  such that 𝑋 + 𝑌 +𝑍 = 0. If  = ( ,) is an STS, then 𝐺ttps://doi.org/10.1016/j.exco.2021.100013
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cannot contain an element 𝑔 of even order 2𝑛, nor an element 𝑔 of odd
order 2𝑛 + 1, with 𝑛 ≥ 2, as {0, 𝑛𝑔, 𝑛𝑔} (respectively, {𝑔, 𝑛𝑔, 𝑛𝑔}) would
e the only triple summing to zero containing 0 (respectively, 𝑔) and
𝑔. Hence a necessary condition for  = ( ,) to be an STS is that 𝐺
e an elementary abelian 3-group.
Conversely, it is easy to see that if 𝐺 is such a group, then (𝐺,) is a
necessarily additive) Steiner triple system, which, up to isomorphism,
s precisely the point-line design of AG(𝑑, 3), for some 𝑑 ≥ 1.
Similarly, if one takes instead  = 𝐺⧵{0} (with the same  as above),
hen it is easy to show that  = ( ,) is a (necessarily additive) Steiner
riple system if and only if 𝐺 is an elementary abelian 2-group, that is,
f and only if  is (up to isomorphism) the point-line design of PG(𝑑, 2),
or some 𝑑 ≥ 1.
More generally, one may let  be any subset of 𝐺 and ask whether,
n this case, one can obtain new additive STSs, other than the point-line
esigns of PG(𝑑, 2) and AG(𝑑, 3). It turns out, however, that there exist
o other additive STSs. Indeed, a Steiner triple system is additive if and
nly if it is a geometric STS, that is, if and only if it is the point-line
esign of either PG(𝑑, 2) or AG(𝑑, 3), for some 𝑑 ≥ 1 [6, Theorem 3.7].
Moreover, an additive STS  = ( ,) satisfies the additivity condi-
ion in the strongest possible sense, in that, whenever  is embedded
n a commutative group (𝐺,+), in such a way that the sum of the three
lements of each block is zero, it is also true that conversely, if {𝑥, 𝑦, 𝑧}
s a 3-subset of  such that 𝑥 + 𝑦 + 𝑧 = 0 in 𝐺, then {𝑥, 𝑦, 𝑧} is a block
n .
A strong version of additivity (although not as strong as for STSs)
s satisfied also by symmetric and affine resolvable designs [6,7], and
y the classes of additive designs described in [12] and [13]. For these
-(𝑣, 𝑘, 𝜆) designs, there exists a distinguished embedding in a commu-
ative group (𝐺,+), in such a way that a 𝑘-subset of  is a block if and
nly if the sum of its elements is zero in 𝐺 ([6, Theorem 4.1.ii], [7,
heorem 3.1.ii]; see also [6, Remark 4.4]). A block design with this
roperty is said to be strongly additive, and an open problem is posed
n [7, 3.10] as to whether any additive design is also strongly additive.
e recently showed that there exists a 2-(16, 4, 2) quasidouble of the
ffine plane of order 4 that is additive but not strongly additive [15].
In [6,7] the authors also found several examples of additive 2-
𝑣, 𝑘, 𝜆) designs ( ,) that could be embedded in a finite vector space
, in such a way that the blocks were characterized not only as the
ero-sum 𝑘-subsets of  , but also as the intersections of  with suitable
yperplanes of 𝑉 , that is, in terms of linear equations.
For instance, the (unique) Steiner triple system of order 9 can be
epresented in the 3-dimensional vector space GF(3)3 as the set of the
ine points of the affine subplane  of equation 𝑥1 + 𝑥2 + 𝑥3 = 1 [6,
emark 3.8(b)], the twelve blocks of the system being precisely the
ntersections of  with the twelve linear subplanes of equations 𝑥𝑖−𝑥𝑗 =
and 𝑥𝑖 + 𝑥𝑗 = 0, 1, 2, for 𝑖, 𝑗 ∈ {1, 2, 3}, 𝑖 ≠ 𝑗. The (unique) 2-(11, 5, 2)
iplane can be represented as a set  of eleven points in GF(3)5, in such
way that the blocks can be characterized as the only 5-sets of elements
f  summing up to 0, and can also be described as the intersections
f  with eleven suitable linear hyperplanes [6, Example 4.11]. In this
ase,  is not contained in any affine hyperplane of GF(3)5.
It is well known that there exist, up to isomorphism, only two
teiner triple systems of order 13 (see the tables of blocks in [16], [2,
able II.1.27] and [3, Table 5.7]). In 1897 Zulauf showed that the
wo STS(13)s known at his time were non-isomorphic [17], and, in
899, De Pasquale determined that only two isomorphism classes were
ossible [18]. In any such system there are twentysix blocks, and each
oint belongs to precisely six blocks.
Since 13 is not of the form 2𝑑 − 1 or 3𝑑 , a Steiner triple system of
rder 13 is not additive, hence it cannot be represented as a subset of a
ommutative group in such a way that the sum of the elements in each
lock is zero. Nor can an STS(13) be embedded in a finite Desarguesian
rojective plane [19, 2.1].But a surprise is in store. s
2
Let 𝑉 be the 13-dimensional vector space GF(5)13, and let  be
the set of the twentysix vectors b1, b2,… , b26 in 𝑉 listed in the fol-
lowing table (1). We claim that there exist precisely thirteen 6-subsets
{p1, p2,… , p6} of  with the property that p1+p2+⋯+p6 = 0 in 𝑉 , and
that, moreover, these 6-subsets are the intersections of  with thirteen
linear hyperplanes of 𝑉 .
b1 = (0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)
b2 = (0, 1, 1, 0, 1, 1, 0, 1, 1, 1, 1, 1, 1)
b3 = (0, 1, 1, 1, 0, 1, 1, 1, 1, 0, 1, 1, 1)
b4 = (0, 1, 1, 1, 1, 0, 1, 1, 1, 1, 0, 1, 1)
b5 = (0, 1, 1, 1, 1, 1, 1, 0, 0, 1, 1, 1, 1)
b6 = (0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0)
b7 = (1, 0, 1, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1)
b8 = (1, 0, 1, 1, 1, 0, 0, 1, 1, 1, 1, 1, 1)
b9 = (1, 0, 1, 1, 1, 1, 1, 0, 1, 0, 1, 1, 1)
b10 = (1, 0, 1, 1, 1, 1, 1, 1, 0, 1, 1, 0, 1)
b11 = (1, 0, 1, 1, 1, 1, 1, 1, 1, 1, 0, 1, 0)
b12 = (1, 1, 0, 0, 1, 0, 1, 1, 1, 1, 1, 1, 1)
b13 = (1, 1, 0, 1, 0, 1, 1, 1, 1, 1, 1, 1, 0)
b14 = (1, 1, 0, 1, 1, 1, 0, 1, 1, 1, 1, 0, 1)
b15 = (1, 1, 0, 1, 1, 1, 1, 0, 1, 1, 0, 1, 1)
b16 = (1, 1, 0, 1, 1, 1, 1, 1, 0, 0, 1, 1, 1)
b17 = (1, 1, 1, 0, 1, 1, 1, 0, 1, 1, 1, 0, 1)
b18 = (1, 1, 1, 0, 1, 1, 1, 1, 0, 1, 0, 1, 1)
b19 = (1, 1, 1, 0, 1, 1, 1, 1, 1, 0, 1, 1, 0)
b20 = (1, 1, 1, 1, 0, 0, 1, 0, 1, 1, 1, 1, 1)
b21 = (1, 1, 1, 1, 0, 1, 0, 1, 0, 1, 1, 1, 1)
b22 = (1, 1, 1, 1, 0, 1, 1, 1, 1, 1, 0, 0, 1)
b23 = (1, 1, 1, 1, 1, 0, 1, 1, 0, 1, 1, 1, 0)
b24 = (1, 1, 1, 1, 1, 0, 1, 1, 1, 0, 1, 0, 1)
b25 = (1, 1, 1, 1, 1, 1, 0, 0, 1, 1, 1, 1, 0)
b26 = (1, 1, 1, 1, 1, 1, 0, 1, 1, 0, 0, 1, 1)
(1)
For each 1 ≤ 𝑖 ≤ 13, let 𝑖 be the linear hyperplane in 𝑉 of equation
𝑖 = 0, that is,
𝑖 = {(𝑥1, 𝑥2,… , 𝑥13) ∈ GF(5)13 ∣ 𝑥𝑖 = 0},
nd let us define
𝑖 =  ∩𝑖.
hen, by construction, for all 1 ≤ 𝑖 ≤ 13, 𝑃𝑖 is a 6-subset of  whose
lements sum up to zero in 𝑉 .
Conversely, let 𝑃 = {p1, p2,… , p6} be a 6-subset of  with the
roperty that p1 + p2 + ⋯ + p6 = 0 in 𝑉 . If, for b in , we denote by
(𝑖) the 𝑖th coefficient of b, 1 ≤ 𝑖 ≤ 13, then, by construction, b(𝑖) = 0
or exactly three values of 𝑖 and b(𝑖) = 1 for ten values of 𝑖, for all
in . Hence the six vectors p1, p2,… , p6 have an overall number of
3× 6 = 78 coefficients, precisely 18 zeros and 60 ones. Therefore there
xists a coordinate 𝑖, 1 ≤ 𝑖 ≤ 13, such that p(𝑖) = 0 for more than one p in
. Since p1+p2+⋯+p6 = 0 in GF(5)13, that is, p1(𝑘)+p2(𝑘)+⋯+p6(𝑘) = 0
n GF(5) for all 1 ≤ 𝑘 ≤ 13, it follows that p𝑗 (𝑖) = 0 for all 𝑗 = 1,… , 6.
ince there exist precisely six elements b of  such that b(𝑖) = 0, we
an finally conclude that 𝑃 =  ∩𝑖 = 𝑃𝑖.
Therefore 𝑃1, 𝑃2,… , 𝑃13 are the only 6-subsets of  whose elements
um up to zero in 𝑉 , and they are the intersections of  with the
hirteen linear hyperplanes 𝑥1 = 0, 𝑥2 = 0, …, 𝑥13 = 0 of 𝑉 , respectively.
Moreover, for any choice of distinct 𝑖, 𝑗 in {1, 2,… , 13}, 𝑃𝑖 and 𝑃𝑗
ntersect in precisely one vector b in , and there exists a unique 𝑃𝑘,
ith 𝑘 different from 𝑖 and 𝑗, such that b also belongs to 𝑃𝑘. Conversely,
or any b in , there exist precisely three indices 𝑖 in {1, 2,… , 13} such
hat b ∈ 𝑃𝑖.
This shows, finally, that the incidence structure  = ( ,), where
= {𝑃1, 𝑃2,… , 𝑃13},  = {b1, b2,… , b26}, and 𝑃 ∈  is incident with
∈  if and only if b ∈ 𝑃 , is a 2-(13, 3, 1) design, that is, a Steiner tripleystem of order 13.
























RThis is precisely the STS(13) denoted by n.1 in [2, Table II.1.27]
nd [3, Table 5.7]. A similar construction can be given for the STS(13)
enoted by n.2, by simply redefining the vectors b2, b6, b12, b14, b19, b24
in the list (1), by switching the coefficients as follows: b2(7) ↔ b2(13),
6(7) ↔ b6(13), b12(6) ↔ b12(7), b14(6) ↔ b14(7), b19(6) ↔ b19(13), and
24(6) ↔ b24(13).
Finally, note that this kind of algebraic representation cannot be
xtended to all possible 2-designs. Indeed, the complete 2-(4, 3, 2) design
ith points 1, 2, 3, 4 and blocks {2, 3, 4}, {1, 3, 4}, {1, 2, 4}, {1, 2, 3} cannot
e represented as above, since there exists no commutative group
ontaining a 4-subset 𝑆 with the property that 𝑎 + 𝑏 + 𝑐 = 0 for any
-subset {𝑎, 𝑏, 𝑐} of 𝑆.
It is possible to show, however, that for any 2-(𝑣, 𝑏, 𝑟, 𝑘, 𝜆) design
ith 𝑘 ≤ 𝑣∕2 and 𝑟−𝜆 ≥ 2, there exists a finite commutative group (𝐺,+)
nd a 𝑏-subset  = {b1,… , b𝑏} of 𝐺 such that there exist precisely 𝑣 𝑟-
ubsets 𝑃1,… , 𝑃𝑣 of  with the property that the sum of the 𝑟 elements
f 𝑃𝑖 is zero in 𝐺 for all 𝑖 = 1,… , 𝑣. Moreover, the incidence structure
 ,), where  = {𝑃1,… , 𝑃𝑣} and 𝑃𝑖 is incident with b𝑗 if and only if
𝑗 ∈ 𝑃𝑖, is a 2-(𝑣, 𝑏, 𝑟, 𝑘, 𝜆) design isomorphic to the given design. This
eneral case exceeds the scope of the present article and will be treated
n a forthcoming paper.
It is worth mentioning that an alternative algebraic representation
as recently given in [20, Proposition 4], where the Steiner triple
ystems of order 13 were described as sections of 𝐴(13)∕𝐴(12) in the
lternating group 𝐴(13).
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